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SPIN CALOGERO-MOSER MODELS ON SYMMETRIC SPACES
NICOLAI RESHETIKHIN
Abstract. In this paper we construct and prove superintegrability of spin Calogero-Moser
type systems on symplectic leaves of K1\T ∗G/K2 where K1,K2 ⊂ G are subgroups. We
call them two sided spin Calogero-Moser systems. One important type of such systems
correspond to K1 = K2 = K where K is a subgroup of fixed points of Chevalley involution
θ : G → G. The other important series of examples come from pair G ⊂ G × G with
the diagonal embedding. We explicitly describe examples of such systems corresponding to
symplectic leaves of rank one when G = SLn.
Introduction
1. Calogero-Moser models are integrable Hamiltonian systems describing interacting one-
dimensional many particle systems1 [2][10].
Spin Calogero-Moser systems appeared as generalizations of these models involving extra
degrees of freedom which are usually interpreted as ”spin variables” [5] and were initially
called Euler-Calogero-Moser systems since they can be considered as an Euler top interacting
with Calogero-Moser system. Integrability of spin Calogero-Moser systems was studied in
numerous papers from various points of view, see for example [8][3][9]. The superintegrability2
of this model was proven in [14], see also references therein. Geometrically, spin Calogero-
Moser systems are related to Poisson varieties T ∗G/G where the G action is the lift of the
conjugation action of G on itself. Their phase spaces are symplectic leaves of T ∗G/G and
their Hamiltonians are AdG-invariant functions on g
∗ pulled back through the projection
T ∗G/G ≃ (g∗ ×G)/G → g∗/G. Here we trivialized the cotangent bundle T ∗G ≃ g∗ × G by
right translation (or, equivalently, by left translations).
First examples of spin Calogero-Moser systems corresponding to symmetric pairs K ⊂ G
appeared in works of L. Feher, and B. Pusztai, see [4] and references therein. Such systems
have symplectic leaves of T ∗(G/K) as theirs phase space. Here the action of K on T ∗(G/K)
is the natural extension of the left action of K ⊂ G on G. These are Hamiltonian systems
that have Hamiltonians which are pull-backs of Ad∗-invariant functions on g∗ with respect
to the natural projection T ∗G → g∗. Here we assume the trivialization of cotangent bundle
T ∗G ≃ g∗ × G by left translations. The number of such independent Hamiltonians is the
rank of G and is, typically, less then half of the dimension of the phase space.
On the other hand, the equations of motion in such systems can be solved by the method
of Hamiltonian reduction [7], now also known as the factorization method [17]. By analogy
1Calogero and Moser introduced systems with rational potential corresponding to the root system of type
An. Sutherland [16] generalized them to trigonometric potentials. Olshanetsky and Perelomov extended
these models to arbitrary root systems, see [12] for an overview of Calogory-Moser systems. See also the
collection [3] fro more recent developments.
2The notion of superintegrability is reviewed below. It is also known degenerate integrability [11] or
non-commutative integrability.
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with characteristic Hamiltonian systems on simple Lie groups [13] and to the spin Calogero-
Moser systems [14], one can expect that they are superintegrable3 in a sense of [11]. Here we
will show that two–sided spin Calogero-Moser systems are indeed superintegrable.
2. Now recall the notion of superintegrability in Hamiltonian mechanics [11][18]. Let (M, ω)
be a symplectic manifold4 of dimension 2n.
A superintegrable system on M is a pair of Poisson projections p1 and p2
(1) M
p1
→ P
p2
→ B
where P is a Poisson manifold of dimension 2n − k, B is a k-dimensional manifold with
the trivial Poisson structure, and fibers of p2 are symplectic leaves in P. Let C(M) be the
algebra of functions on M (smooth if M is a smooth manifold etc.). Let us identify C(B)
and C(P) with subalgebras in C(M). Then the above properties of projections p1 and p2
are equivalent to the property that Poisson centralizer of C(B) ⊂ C(M) is C(P).
In the superintegrable systems, functions from C(B) are Poisson commuting Hamiltonians
and functions from C(P) are integrals of motions, which do not necessary commute. Generic
level sets of integrals of motions are isotropic submanifolds in M. Flow lines of any k
independent functions on B provide an affine coordinate system on such level sets and the flow
line of any function on B is linear in these coordinates. For more details on superintegrable
systems see [11][18][15].
3. In this paper we will construct Calogero-Moser type Hamiltonian systems symmetric
spaces K1\T
∗G/K2 where G is a Lie group and K1, K2 ⊂ G are Lie subgroups. We also prove
their superintegrability. The phase space of such a system is a symplectic leaf of K1\T
∗G/K2
and the Hamiltonians are pull-backs of Ad∗-invariant functions on g with respect to the
natural projection T ∗G → g∗. Here we first trivialize T ∗G ≃ g∗ × G by right translations
and then project to the first component.
Symplectic leaves S(O1,O2) of K1\T
∗G/K2 are parametrized by a pair of coadjoint orbits
O1 ⊂ k
∗
1, O2 ⊂ k
∗
2 for Lie group K1 and K2 respectively. When one of them is trivial such
systems are exactly the ones from [4].
An important particular case is when G is a simple Lie group and K1 = K2 = K = G
θ
is the subgroup of fixed points of the Chevalley automorphism θ. We show that in this case
the symplectic leaf S(O1,O2) has a Zariski open subset of the form
(T ∗H ×O1 ×O2)/NK(H) ⊂ S(O1,O2)
Here H is the Cartan subgroup of G, NK(H) is the normalizer of H in K ⊂ G. This Zariski
open subset coincides with S(O1,O2) in two important cases: when G is a real split form of
complex simple Lie group GC and when G is a compact real form of GC. In this case the pull
back of G-invariant functions on g∗ gives a Poisson commutative subalgebra of rank r. This
is the subalgebra of Hamiltonians. The Hamiltonian corresponding to the quadratic Casimir
is
HsCM =
1
2
tr(x2) =
1
2
x20 +
∑
α
(hαµα + µ
′
α)(h−αµα + µ
′
α)
(hα − h−α)2
3See [18][11][15] for a history and more details on superintegrability
4 We assume that M is a smooth manifold. But it can also be a complex holomorphic manifold or an
algebraic variety. All these cases are relevant for spin Calogeo-Moser systems which are studied in this paper.
Note that phase spaces of Calogeo-Moser systems were studied in algebro-geometric setting extensively, see
for example [6].
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Here µα, µ
′
α are coordinates on O1,O2 corresponding to positive roots, (p, h) ∈ T
∗H .
Another interesting particular case corresponds to the symmetric pair G ⊂ G×G where G
is embedded diagonally in G×G. In this case spin Calogero-Moser systems are determined
by the choice of a pair of coadjont orbits O,O′ in g∗. The phase space of such system is the
symplectic leaf S(O,O′) of G\T ∗(G× G)/G which is the result of appropriate Hamiltonian
reduction. The subalgebra of Poisson commutative Hamiltonians in this case has rank 2r
where r = rank(g).
The symplectic leaf S(O,O′) has a Zariski open subset
(T ∗H × (O ×O′)  H)/W ⊂ S(O,O′)
where (O×O′)H) is the Hamiltonian reduction of the Cartesian product of two orbits with
respect to the diagonal action of the Cartan subgroup. We compute Hamiltonians explicitly
and give and explicit description of the model when G = SLn and both orbits have rank one.
4. This paper is the following organization. In the first section, we construct spin Calogero-
Moser type systems on symplectic leaves of K1\T
∗G/K2 and Poisson projections which prove
their superintegrability. In the second section, we analyze the example of symmetric pairs
K1 = K2 = G
θ where Gθ is the subgroup of fixed points of the Chevalley automorphism θ of
G. In the third section, we consider an example of the symmetric pair G ∈ G×G where G is
a simple Lie group embedded in G×G diagonally. In this case K1 = K2 = G. In section 4,
we describe in details the two–sided spin Calogero-Moser system corresponding to two rank
1 orbits. In the Appendices, we recall some basic and useful facts on action of Lie grounds
on their contangent bundles and Poisson brackets between matrix element functions. In the
Conclusion, we outline some further problems.
5. This work started in collaboration with J. Stokman. The author is grateful to J. Stokman
for numerous illuminating discussions and important remarks. The author also thank S.
Artamonov and V. Serganova for fruitful discussions. This work was partly supported by the
grant NSF DMS-1601947 and by the grant RFBR No. 18-01-00916.
1. Two–sided Spin Calogero-Moser systems
Let G be a Lie group and K1, K2 ⊂ G be Lie subgroups. Left and right actions of G on
the symplectic T ∗G with its standard symplectic form are Hamiltonian. Thus the left action
of K1 and the right action of K2 are also Hamiltonian. Thus, the quotient space (its smooth
part) is a Poisson manifold.
The spin Calogero-Moser type system which we construct here will be called two–sided
because their phase spaces are symplectic leaves of the two–sided quotient K1\T
∗G/K2. This
construction is general and works for any Lie group G and pair of Lie subgroups, provided
that left-right action of K1 ×K2 on T
∗G has no stabilizers.
1.1. The phase space. In what follows we will use some basic facts about actions of a Lie
group G on its cotangent bundle T ∗G which are summarized in the Appendix A.
Starting from now and throughout this paper we trivialize T ∗G ≃ g∗×G by right transla-
tions. Then the natural right G-action on T ∗G becomes the following action on g∗ ×G (see
Appendix A)
(2) h : (x, g) 7→ (x, gh−1)
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The natural left G-action becomes:
(3) h : (x, g) 7→ (Ad∗hx, hg)
These actions are Hamiltonian with moment maps µL,R : g∗ ×G→ g∗:
µR(x, g) = −Ad∗g−1x, µ
L(x, g) = x
Let K can be any Lie subgroup of G. Since both the left and the right action of G on
T ∗G are Hamiltonian, so are the left and the right actions of the subgroup K ⊂ G. The
corresponding moment maps are µ˜L,RK : g
∗ ×G→ k∗, µ˜L,RK (x) = π ◦ µ
L,R, where π : g∗ → k∗
is the natural projection. Therefore, if K1, K2 ⊂ G are two Lie subgroups, the double coset
K1\T
∗G/K2 is a Poisson variety.
Symplectic leaves of K1\T
∗G/K2 are given by the Hamiltonian reduction as
S(O1,O2) = K1\((µ˜
L
K1
)−1(O1) ∩ (µ˜
R
K2
)−1(O2))/K2
= K1\{(x, g) | π1(x) ∈ O1,−π2(g
−1xg) ∈ O2}/K2
where πi : g
∗ → k∗i are projections dual to the inclusions ki ⊂ g. The symplectic manifold
S(O1,O2) is the phase spaces of the spin Calogero-Moser system associated with K1, K2 ⊂ G
and coadjoint orbits O1 ⊂ k
∗
1 and O1 ⊂ k
∗
1. It is easy to see that
(4) dim(S(O1,O2) = 2(dim(g)− dim(k1)− dim(k1)) + dim(O1) + dim(O2),
Here we used the assumption that K1 ×K2 action does not have stabilizers.
1.2. Hamiltonians of two–sided Spin Calogero-Moser systems. Let f be two–sideda
coadjoint invariant function on g∗, i.e. f(Ad∗g(x)) = f(x) for any x ∈ g
∗ and g ∈ G. As it
follows from (2) and (3) its pull back to T ∗G ≃ g∗ × G is invariant with respect to the left
and the right K-action on T ∗G for any subgroup K in G, and therefore defines a function
on K1\T
∗G/K2. We will call the subalgebra of such functions in the algebra of functions on
K1\T
∗G/K2 the subalgebra of Hamiltonians.
The projection T ∗G ≃ g∗ × G → g∗ is Poisson, therefore the subalgebra of Hamiltonians
is a Poisson subalgebra. From the explicit form of Poisson brackets on T ∗G (Appendix A) it
is easy to see that this Poisson subalgebra is Poisson commutative.
1.3. Superintegrability of the two-sided spin Calogero-Moser system on S(O1,O2).
Here we will construct the projections (1) which prove the superintegrability of the two–sided
spin Calogero-Moser system.
1.3.1. The Poisson variety P(O1,O2). Define the Poisson variety P(O1,O2) as
P(O1,O2) = {(x,−y) | π1(x) ∈ O1, π2(−y) ∈ O2, Ad
∗
Gy = Ad
∗
Gx}/K1 ×K2
where K1×K2 acts naturally on g
∗×g∗, as a subroup of G, via the coadjoint action. In other
words P(O1,O2) is the space of K1 × K2 orbits through (µ˜
L × µ˜R)(S(O1,O2)) ⊂ g
∗ × g∗.
Here µL,R are moment maps for left and right action of G on S(O1,O2).
Because the coadjoint action of K1 ×K2 on g
∗ × g∗ (as a subroup of G) is Hamiltonian,
the quotient space P(O1,O2) is Poisson. Its dimension can be computed as follows:
dim(P(O1,O2)) = 2dim(g
∗)− dim(g∗/G)− (dim(k∗1)− dim(O1))− (dim(k
∗
2)− dim(O2)),
= dim(S(O1,O2))− dim(g
∗/G)
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The mapping K1(x, g)K2 7→ Ad
∗
K1
× Ad∗K2(x,−Ad
∗
g−1x) gives the Poisson projection
5
K1\T
∗G/K2 → (g
∗×˜g∗/Gg
∗)/K1 ×K2
Its restriction to the symplectic leaf S(O1,O2) gives the natural Poisson projection
p1 : S(O1,O2)→ P(O1,O2)
It is clear that p1 is surjective.
1.3.2. The variety B(O1,O2). Define the variety B(O1,O2) as the quotient space
B(O1,O2) = (µ
R
G × µ
L
G)(S(O1,O2))/G×G
= {(x,−y)|π(x) ∈ O1, π(y) ∈ O2, Ad
∗
Gx = Ad
∗
Gy}/G×G
= {(O,−O) ∈ g∗/G× g∗/G|O1 ⊂ π1(O),O2 ⊂ π2(O)}
≃ {O ∈ g∗/G|O1 ⊂ π1(O),O2 ⊂ π2(O)} ⊂ g
∗/G
In the algebraic case, this variety is the Spec variety for the subalgebra of spin Calogero
Moser Hamiltonians in the algebra of functions on S(O1,O2).
The mapping (Ad∗K1(x),−Ad
∗
K2
(y)) 7→ (Ad∗G(x),−Ad
∗
G(y)) defines the Poisson surjective
projection p2 : P(O1,O2)→ B(O1,O2).
The fiber S(O1,O2,O) ⊂ P(O1,O2) of p2 over O ∈ B(O1,O2) has a natural symplectic
structure and is a symplectic leaf of P(O1,O2). As a symplectic manifold it can be described
as the Hamiltonian reduction:
S(O1,O2,O) = {(x,−y) ∈ g
∗ × g∗ | x ∈ O, y ∈ −OG, π1(x) ∈ O1, π2(y) ∈ O2}/K1 ×K1
In other words, this is the space of K ×K orbits through p−12 (O
G) ⊂ (µlG× µ
r
G)(S(O1,O2)).
1.3.3. Superintegrability. Thus, we have Poisson projections
S(O1,O2)
p1
→ P(O1,O2)
p2
→ B(O1,O2) ⊂ g
∗/G
If dimensions match, i.e. if dim(B(O1,O2)) = dim(g
∗/G), these data define a superintegrable
system.
This proves the superintegrability of two–sided spin Calogero-Moser system in this general
setting, with the assumption of freeness of K1 × K2 action on T
∗G and the assumption
dim(B(O1,O2)) = dim(g
∗/G). Below, we will give some important examples.
1.4. Exact solution to equations of motions and factorization. Let f ∈ C(g∗)G be an
Ad∗G-invariant function on g
∗. From the explicit form of the symplectic structure T ∗G one can
easily derive that the Hamiltonian flow line generated by the pull back of f to T ∗G ≃ g∗×G
passing through (x, g) ∈ T ∗G at t = 0 is:
(5) (x(t), g(t) = (x, exp(t∇f(x))g)
Assume that K1(x, g)K2 ∈ S(O1,O2), where K1 ×K2 action is the left-right action:
(k1, k2)(x, g) = (Ad
∗
k1
(x), k1gk2).
Then the flow line (5) projects to the flow line of the spin Calogero Moser systemK1(x, exp(t∇f(x))g)K2,
which stays in S(O1,O2) for all t. Thus, solutions to corresponding (quite complicated) non-
linear ordinary differential equations are obtained by computing coset representatives of (5),
which is a manageable algebraic problem.
5Here and in the rest of the paper we will use notation V ×˜g∗/GW = {(x, y) ∈ V ×W |Ad
∗
G(x) = −Ad
∗
G(y)}.
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2. Two–sided Calogero-Moser systems for symmetric pairs of Cartan type
Here we will construct superintegrable systems of spin Calogero-Moser type corresponding
to symmetric pairs K ⊂ G where G is a simple Lie group and K = Gθ ⊂ G is the subgroup
of fixed points of the Chevalley automorphism θ : G→ G.
Recall that if we choose a Borel subroup B ⊂ G and if H ⊂ B ⊂ G is the Cartan subgroup
of G, the Chevalley automorphism acts on the Lie algebra g = Lie(G) as θ(h) = −h,
θ(eα) = −e−α where h is an element of the Cartan subgroup h ⊂ g and {eα} are Chevalley
generators corresponding to roots of g . We will denote roots by ∆ and positive roots by ∆+.
When G is a complex algebraic group there are subtleties related to the fact that the double
coset space K\G/K is singular outside of the Zariski open subset KHK ⊂ G. We will not
be going into these subtleties here since in most important cases when G is the split real
form GR of GC or when G is the maximal compact subroup of GC there are global spherical
decompositions GR = KAK and G = KHK.
2.1. Birational coordinates on S(O1,O2). Now let us describe birational coordinates on
S(O1,O2). Here we use the fact that K1 = K2 = K is a set of fixed points of the Chevalley
involution.
For the Chevalley involution the projection π : g∗ → k∗ acts as
π(x0 +
∑
α∈∆
xαeα) =
∑
α∈∆+
(xα − x−α)(eα − e−α).
where x0 ∈ h is the Cartan component of x.
Note that eα − e−α with α ∈ |∆+| is a basis in k
∗ (we identify k∗ and k via the Killing
form). By K × K action g 7→ k1gk
−1
2 we can bring a generic element g ∈ G to the Cartan
subgroup H6. Thus, we have a Zariski open subset in K\T ∗G/K which is isomorphic to
(g∗ ×H)/NK(H) where NK(H) is the normalizer of the Cartan subroup H ⊂ G in K ⊂ G.
Note that NK(H) has a normal subgroup ZK(H) which is the centralizer of H in K, and
there is a natural isomorphism NK(H)/ZK(H) ≃W , where W is the Weyl group of G.
Let hα be the function onH corresponding to the root α, and xα be the coordinate function
on g∗ corresponding to the root α (as above). The moment maps µ = µ˜L and µ′ = µ˜L can
be described in terms of these coordinates as
µα = xα − x−α
µ′α = −hαxα − h−αx−α
Here α ∈ |∆+| and µα are coordinates on O1 and µ
′
α are coordinates on O2 in the basis
eα − e−α. Note that µα = −µ−α and µ
′
α = −µ
′
−α
Solving these equations for xα we have
(6) xα =
µ′α + h−αµα
h−α − hα
,
Clearly this formula is NK(H) equivariant and therefore we can chose NK(H)-orbits of local
coordinates x0 ∈ h
∗, hα ∈ H , µα and µ
′
α as local coordinates on S(O1,O2).
6 If GR is the split real form of G and K ⊂ GR is the maximal compact Lie subgroup in G we have the
polar decomposition GR = KAK where A is the positive part of the Cartan subroup in GR. When G is
compact real form of GC we also have a global decomposition G = KTK, where T is the Cartan subroup of
G.
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Thus, we found a birational isomorphism of symplectic varieties
(7) S(O1,O2) ≃ (T
∗H ×O1 ×O2)/NK(H),
where NK(H) is the normalizer of the Cartan subgroup in K. The dimension of S(O1,O2)
implied by this formula dim(S(O1,O2)) = 2r + dim(O1) + dim(O2) agrees with the general
formula (4).
Proposition 1. The birational isomorphism (7) is an isomorphism of symplectic varieties,
i.e. the symplectic form on S(O1,O2) is the pull-back of the symplectic form ω1 + ω2 + ω3
where ω1 is the canonical symplectic form on T
∗H, ω2 and ω3 are Kirillov-Kostant symplectic
forms on O1 and O2 respectively.
Indeed we have Poisson surjective projections S(O1,O2) → T
∗H/NK(H), S(O1,O2) →
O1/NK(H) and S(O1,O2) → O2/NK(H). Taking into account dimensions of spaces they
define the symplectic structure on S(O1,O2).
2.2. The Hamiltonians. Now let us describe Hamiltonians of the spin Calogero-Moser sys-
tem in terms of these coordinates. Clearly there are r = rank(G) independent Hamiltonians.
They can be chosen as tr(xk) where k = 2.3, . . . where x = x0+
∑
α xαeα ∈ g ≃ g
∗ evaluated
in a finite dimensional representation and xα are given by (6).
The spin Calogero–Moser Hamiltonian on S(O1,O2) corresponds to the second Casimir
and is
(8) HsCM =
1
2
tr(x2) =
1
2
x20 +
∑
α>0
(hαµα + µ
′
α)(h−αµα + µ
′
α)
(hα − h−α)2
where the trace is taken over the adjoint representation.
Remark 1. Note that in the description of birational coordinates x0, hα, µ, µ
′ we used the
spherical decomposition KHK ⊂ G which gives only a Zariski open subvariety in complex
algebraic case.
In the real split case, the polar decomposition GR = KAK is global and we can use real
coordinates hα = exp(
1
2
qα)
HsCM =
1
2
tr(x2) =
1
2
p2 +
∑
α>0
µ2α + 2ch(
1
2
qα)µ
′
αµα + µ
′2
α
4sh2(1
2
qα)
In the compact case it is also global and
HsCM =
1
2
tr(x2) = −
1
2
p2 −
∑
α>0
µ2α + 2cos(
1
2
qα)µ
′
αµα + µ
′2
α
4sin2(1
2
qα)
Remark 2. The linear operator
x = x0 +
∑
α
xαeα
whose matrix elements are functions on S(O1,O2) is also known as the Lax operator of the
spin Calogero Model.
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2.3. Solutions to equations of motion. If the spherical factorization is global, the flow
line can be described as follows. First write
exp(t∇f(x))g = k1(t)a(t)k2(t)
Now note that each class K(x, g)K has a representative (Ad∗
k−1
1
x, a) where a ∈ A, k1, k2 ∈ K
and g = k1ak2. Such representative of the class K(x(t), g(t))K is (Ad
∗k1(t)
−1(x), a(t). In
therm of coordinates (7) we have a(t)α = exp(
1
2
qα(t)) while p(t), µ(t), µ(t)
′ are defined as
Adk1(t)−1(x) = p(t) +
∑
α∈∆+
µ′α(t) + a−α(t)µα(t)
aα(t)− a−α(t)
eα +
∑
α∈∆+
µ′
−α(t) + aα(t)µ−α(t)
a−α(t)− aα(t)
e−α
Here the initial values of coordinates p, µ, µ′ are determined by x:
x = p+
∑
α∈∆+
µ′α + a−αµα
aα − a−α
eα +
∑
α∈∆+
µ′
−α + aαµ−α
a−α − aα
e−α
2.4. One–sided spin Calogero-Moser systems. If one of the coadjoint orbits, either O1
or O2 is trivial, we will say that the corresponding spin Calogero–Moser model is one–sided.
In this case, up to left–right equivalence the phase space of such a system is a symplectic leaf
of K1\T
∗(G/K2) which can be described as
S(O) = S(O, {0}) = K1\µ
−1
K (O)
where µK : T
∗(G/K2)→ k
∗
1 is the moment map for the left K1 action on T
∗(G/K2).
When K1 = K2 = K is the subgroup of fixed points of the Chevalley involution, just as
for the two–sided model we have the birational equivalence:
S(O) ≃ (T ∗H ×OK)/NK(H)
The Hamiltonian of the one sided spin Calogero-Moser system in this case is the specialization
of (8):
HsCM =
1
2
tr(x2) =
1
2
x20 +
∑
α
µ2α
(hα − h−α)2
This is exactly the model that was discussed in [4].
3. Spin Calogero-Moser systems on G×G
Here we will focus on the spin Calogero-Moser type systems corresponding to the symmetric
space G× G/G where G is the subgroup of fixed points of the permutation (x, y) 7→ (y, x),
i.e. the Lie group G is embedded diagonally in G× G. These systemes are examples of the
general construction from the previous section where θ : G×G→ G×G be the permutation
θ(g1, g2) = (g2, g1). The subgroup K = G
θ ⊂ G×G is naturally isomorphic to G.
We trivialize T ∗(G × G) by right translations to g∗ × g∗ × G × G = {(x, y, g, h)}, where
(x, g) and (y, h) are elements of two copies of T ∗G ≃ g∗ ×G. From now on we assume that
G is simple.
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3.1. The phase space. The phase space S(O,O′) of such a system is parameterized by a
pair of coadjoint orbits O,O′ ⊂ g∗ and is a symplectic leaf of the Poisson variety G\T ∗(G×
G)/G where G is diagonally embedded into G×G. It is given by the Hamiltonian reduction
S(O,O′) = G\(µLG)
−1(O) ∩ (µRG)
−1(O′)/G
= G\{(x, y, g, h) ∈ g∗ × g∗ ×G×G|x+ y ∈ O,−Ad∗g(x)−Ad
∗
h(y) ∈ O
′}
= G\{(x, y, a) | x+ y ∈ O′, x+ Ad∗a−1y ∈ −O}
Here µL,RG are moment maps for the left and right diagonal action of G on T
∗(G × G), see
Appendix B.
Remark 3. The symplectic leaf S(O,O′) can also be thought of as a symplectic leaf of the
Poisson variety G\S(O′) where S(O′) = (µRG)
−1(O′)/G is a symplectic leaf of the Poisoon
variety T ∗(G × G)/G. The Poisson structure on it is determined by the natural symplectic
structure on T ∗G and by the Hamiltonian action of G. Because the left G action on S(O′)
is Hamiltonian the quotient space G\S(O′) is Poisson, and there exists a moment map µ :
S(O′) → g∗. Symplectic leaves of G\S(O′) are given by the Hamiltonian reduction and
S(O,O′) = G\µ−1(O).
It is easy to compute the dimension of S(O,O′):
(9) dim(S(O,O′)) = dim(O1) + dim(O2)
3.2. The Hamiltonians. After the trivialization of the cotangent bundle T ∗(G×G) by right
translations T ∗(G×G) ≃ g∗×g∗×G×G we have a natural projection T ∗(G×G)→ g∗×g∗.
This projection gives the projection G\T ∗(G × G)/G → g∗/G × g∗/G. A restriction of
this projection to the symplectic leaf S(O,O′) gives the projection S(O,O′) → B(O,O′) ⊂
g∗/G× g∗/G where B(O,O′) is simply the image of the symplectic leaf. It will be described
more explicitly later.
The algebra of Hamiltonians of the two–sided spin Calogero Moser system for G ∈ G×G
is the pull back of functions from B(O,O′) ⊂ g∗/G × g∗/G to functions on S(O,O′) with
respect to this projection.
3.3. The superintegrability of the two–sided spin Calogero Moser system on
S(O,O′).
3.3.1. The Poisson variety P(O,O′). The Lie group G× G acts on S(O) from the left and
from the right. Let µ˜L and µ˜R be corresponding moment maps µ˜L, µ˜R : S(O,O′)→ g∗ × g∗.
Define P(O,O′) as the space of G × G orbits in g∗ × g∗ × g∗ × g∗ passing through µ˜L ×
µ˜R(S(O,O′)) where the first copy of G acts diagonally on the first two copies on g∗ and the
second copy of G acts diagonally on the last two copies of g∗. In other words:
P(O,O′) = {(x, y, u, v) ∈ (g∗)×4 | x+ y ∈ O, u+ v ∈ O′,
Ad∗G(u) = −Ad∗G(x), Ad
∗G(v) = −Ad∗G(y)}/G×G
where (g, h)(x, y, u, v) = (Ad∗g(x), Ad
∗
g(y), Ad
∗
h(u), Ad
∗
h(v)). It is easy to compute its dimen-
sion:
dim(P(O,O′)) = dim(S(O,O′))− 2dim(g∗/G)
The mapping
p1 : (x, y, g, h) 7→ (x, y,−Ad
∗
g−1(x),−Ad
∗
h−1(y))
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is the Poisson projection p1 : S(O,O
′)→ P(O,O′).
Let ci be Casimir functions on g
∗, i.e. homogeneous polynomials on g∗, which are generators
of the algebra of invariant functions on g∗. Let ci[O] be the values of Casimir on the coadjoint
orbit O. Clearly functions ci(x), ci(x+ y), ci(y), ci(u+ v) generate the Poisson center of the
algebra A of G×G invariant functions in x, y, u, v. The algebra of functions on P(O,O′) is
the quotient algebra of A with respect to the central ideal I(O,O′) generated by
(10) ci(x)− ci(−u), ci(y)− ci(−v), ci(x+ y)− ci[O], ci(u+ v)− ci[O
′]
All this can be formalized as the following statement.
Theorem 1. Poisson algebra C(P(O,O′)) is the quotient of Poisson algebra (C(g∗×g∗)G)⊗2
with its natural Poisson structure over the Poisson central ideal generated by elements (10).
The Poisson commuting subalgebra generated by G invariant function in x and G invariant
functions in y is the Poisson center of C(P(O,O′)) and is the algebra of Hamiltonians of the
two–sided spin Calogero model.
3.3.2. The variety B(O,O′). The variety B(O,O′) is the Spec variety of the Poisson center
of C(P(O,O′)). It can be described as follows:
B(O,O′) = {O1,O2 ∈ g
∗/G|M(O1,O2|O) 6= ∅,M(O1,O2| − O
′) 6= ∅}
Here M(O1,O2|O) = {x ∈ O1, y ∈ O2|x + y ∈ O. It is clear that dim(B(O,O
′)) =
2dim(g∗/G) = 2r where r is the rank of g.
3.3.3. Superintegrability. Consider the mapping (g∗)×4/Ad∗G×G → (g
∗/G)×4 acting as
Ad∗G×G(x, y, u, v) 7→ (Ad
∗
G(x), Ad
∗
G(y), Ad
∗
G(u), Ad
∗
G(v)) =
(Ad∗G(x), Ad
∗
G(y),−Ad
∗
G(x),−Ad
∗
G(y).
The image is determined by O1 = Ad
∗
G(x) and O2 = Ad
∗
G(y) and therefore defines an element
g∗/G × g∗/G. This gives a surjective mapping (g∗)×4/Ad∗G×G → g
∗/G × g∗/G. Restricting
this map to P(O,O′) we obtain the projection
p2 : P(O,O
′)→ B(O,O′)
which is clearly Poisson if we equip the base B(O,O′) with the trivial Poisson structure.
It is easy to see that the fiber of this projection over (O1,O2) is
S(O1,O2,O
′,O′′) = {(x, y, u, v) | x+ y ∈ O, u+ v ∈ O′, x,−u ∈ O1, y,−v ∈ O2}/Ad
∗
G×G
This is a level surface of Casimirs ci(x+y), ci(u+v) and is a symplectic leaf of P(O,O
′). The
symplectic structure on S(O1,O2,O
′,O′′) can be described as the Hamiltonian reduction of
a symplectic manifold O1 × O2 × O × −O
′ with respect to the Hamiltonian action of G on
it and the trivial coadjoint orbit.
Thus, we have two Poisson projections
S(O,O′)
p1
→ P(O,O′)
p2
→ B(O,O′)
with the right balance of dimensions:
dim(P(O,O′)) = dimS(O,O′)− dimB(O,O′)
Thus, we have a superintegrable system on S(O,O′) with Hamiltonians described earlier.
The exact solution of equations of motion via the factorization is the specialization of the
general K1, K2 ⊂ G case to K1 = K2 = G ⊂ G × G. The factorization problem, which
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gives solutions to equations of motion corresponds to the following structure of double cosets
G\G×G/G ≃ G/AdG ⊃ H/W . Recall that when G is compact simple G/AdG ≃ H/W .
3.4. Birational coordinates. Let us descibe a coordinate chart in S(O,O′). For diago-
nalizable a ∈ G, choose a representative of its conjugation orbit which is in H . For such
a:
G\{(x, y, a), a ∈ G} = N(H)\{(x, y, h), h ∈ H}.
where N(H) ⊂ G is the normalizer of the Cartan subgroup H in G.
Let x = x0 +
∑
α∈∆ xαeα, y = y0+
∑
α∈∆ yαeα be root decompositions with x0, y0 ∈ h and
µ = µ0 +
∑
α µαeα and µ
′ = µ′0 +
∑
α µ
′
αeα be similar decompositions for µ ∈ O, µ
′ ∈ O′.
Conditions x+ y = µ ∈ O, x+ aya−1 ∈ O′ imply:
x0 + y0 = µ0, x0 + y0 = −µ
′
0,
xα + yα = µα, xα + hαyα = −µ
′
α
We can solve these equations:
µ0 = −µ
′
0, x0 =
1
2
µ0 + p, y0
1
2
µ0 − p, yα =
µα + µ
′
α
1− hα
, xα =
µαhα + µ
′
α
hα − 1
.
The condition µ ∈ O fixes µ0 in terms of Ad
∗
H-invariant combinations of µα, µ−α’, and
the condition µ′ ∈ O fixes µ′0 in terms of Ad
∗
H-invariant combinations of µ
′
α, µ
′
−α. The
equation µ0 + µ
′
0 = 0 is the constraint for Hamiltonian reduction of O ×O
′ with respect to
the Ad∗H-action and p is not constrained.
We can choose p, h ∈ H, and Ad∗H-invariant combinations of µα, µ
′
α constrained to the coad-
joint orbits O and O′ as local coodinates on S(O,O′). This gives a Zariski open coordinate
chart
S(O,O′) ⊃
(
(O ×O′)  H × T ∗H
)
/W
Here (O ×O′) H is the Hamiltonian reduction of O ×O′ with respect to the Hamiltonian
action of the Cartan subroup H ⊂ G. Note that this inclusion becomes an isomorphism
when G is simple compact. From this description of S(O,O′) we have
dim(S(O,O′)) = dim((O ×O′)  H)− 2r
which agrees with the formula (9) for the dimension of S(O,O′).
It is easy to compute the pull back to S(O,O′) of quadratic Casimir functions on g∗/G×
g∗/G in the coordinates described above:
(11) H(x) =
1
2
(x0, x0) +
∑
α∈∆+
(µαhα + µ
′
α)(µ−αh−α + µ
′
−α)
(hα − 1)(h−α − 1))
(12) H(y) =
1
2
(y0, y0) +
∑
α∈∆+
(µα + µ
′
α)(µ−α + µ
′
−α)
(hα − 1)(h−α − 1))
The variables x0 and y0 are as above, µ and µ
′ satisfy constraints
ck(µ0 + µ1) = ck, ck(−µ0 − µ
′
1) = c
′
k
Here µ1 =
∑
α µαeα and µ
′
1 =
∑
α µ
′
αeα are root components of µ and µ
′ respectively, ck(x)
are generators of Ad∗G-invariant polynomial functions on g
∗, ck are values of these functions
on O and c′k are their values on O
′.
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When O′ = {0} (or O = {0}) the Hamiltonian system described above degenerates to
the ”usual” spin Calogero-Model on orbit O (or O′). In this case µ0 = µ
′
0 = 0, H
(x) =
H(y) and the superintegrability of the two–sided spin Calogero-Moser system becomes the
superintegrability of the spin Calogero-Moser system described in [15].
4. two–sided spin Calogero-Moser model for rank one orbits for SLn
4.1. Rank one orbits for SLn. Assume that G = SLn and both coadjoint orbitsO,O
′ ⊂ g∗
have rank one. First let us realize both orbits as symplectic leaves of T ∗Cn/C∗. In terms of
coordinate functions this realization is given by the following formulae:
µij = φiψj −
δij
n
(φ, ψ), µ′ij = φ
′
iψ
′
j −
δij
n
(φ′, ψ′)
where (φ, ψ) =
∑n
i=1 φiψj and nonzero Poisson brackets between φ, ψ, φ
′, ψ′ are
{φi, ψj} = δij , {φ
′
i, ψ
′
j} = δij
Functions ψiφj generate the subalgebra of functions on T
∗Cn ≃ Cn × Cn (with φi being
functions on cotangent spaces and ψi being functions on C
n) invariant with respect to the
following action of C∗: φi 7→ λφi, ψi 7→ λ
−1ψi.
The orbit O is determined by fixing the Casimir functions, which is, in rank one case,
equivalent to fixing N = (φ, ψ). Similarly, we will fix the orbit O′ by fixing N ′ = (φ′, ψ′).
Note that each orbit has dimension 2n− 2. This is due to the constraints fixing the orbit
and symmetry φi 7→ λφi, ψi 7→ λ
−1ψi, φ
′
i 7→ µφ
′
i, ψ
′
i 7→ µ
−1ψ′i.
4.2. The Hamiltonian reduction (O × O′)  H. The Cartan subgroup H ⊂ SLn acts
diagonally on O ×O. In terms of variable φ, ψ, φ′, ψ′ this action is
φi 7→ µiφi, ψi 7→ µ
−1
i ψi, φ
′
i 7→ µiφ
′
i, ψ
′
i 7→ µ
−1
i ψ
′
i
where µi ∈ C
∗ and µ1 · · ·mn = 1.
This action is Hamiltonian. The Hamiltonian reduction in terms of φ, ψ, φ′, ψ′ means we
have to impose the constraint µii+µ
′
ii = 0 and take H-invariant functions of these variables.
The constrain implies that
φiψi + φ
′
iψ
′
i =
N +N ′
n
The H-invariant subalgebra of polynomial functions on O × O consists on polynomials
which depend only on zero weight combinations of µij and µ
′
ij . These combinations can be
written in terms of variables
ai = φiψ
′
i, bi = φ
′
iψi, ni = φiψi, n
′
i = φ
′
iψ
′
i
For example:
µijµji = ninj , µijµ
′
ji = aibj , µ
′
ijµ
′
ji = n
′
in
′
j
It is clear that the variable ai, bi, ni, n
′
i are not independent and that they satisfy relations
nin
′
i = aibi. Thus, we have the isomorphism of commutative algebras
CH(O ×O′) ≃< ai, bi, ni, n
′
i|ai, bi, ni, n
′
i > / < nin
′
i − aibi >
It is easy to describe Posson brackets between variables ai, bi, ni, n
′
i. Nonzero Poisson
brackets are:
{ai, bi} = ni − n
′
i, {ni, ai} = ai, {ni, bi} = −bi, {n
′
i, ai} = −ai, {n
′
i, bi} = bi,
Denote Hi = ni−n
′
i. We can now describe explicitly the ring of functions on (O×O
′)H .
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Proposition 2. The ring of functions on (O × O′)  H is isomorphic to a C∗-invariant
subalgebra of commutative algebra generated by elements ai, bi, Hi with defining relations
(13) aibi +
H2i
4
=
(N +N ′)2
4n2
,
n∑
i=1
Hi = N −N
′,
and with the action of C∗ on generators given by ai 7→ µai, bi 7→ µ
−1bi, Hi 7→ Hi. This algebra
has a Poisson structure defined by the following nonzero Poisson brackets
{ai, bi} = Hi, {Hi, ai} = 2ai, {Hi, bi} = −2bi
Thus, we have a natural isomorphism (O×O′)H ≃ (O×n0 )N−N ′ where O0 is the coadjoint
orbit of SL2 with the value of the Casimir function determined by N + N
′ as in (13) and
(O×n0 )N−N ′ is the intersection of O
×n
0 ⊂ sl
∗
2 and the level set
∑n
i=1Hi = N −N
′.
Note that we can write ni and n
′
i in terms of Hi and N,N
′ as
(14) ni =
1
2
(Hi +
N +N ′
n
), ni =
1
2
(Hi −
N +N ′
n
)
As a consequence, for rank one orbits we can write Hamiltonians corresponding to quadratic
Casimirs as
H(x) =
1
2
n∑
i=1
(pi +
Hi
4
)2 +
∑
i<j
(ninj + n
′
in
′
j + aibjhih
−1
j + biajhjh
−1
i )
(hi − hj)2
+ const
H(y) =
1
2
n∑
i=1
(pi −
Hi
4
)2 +
∑
α∈∆+
(ninj + n
′
in
′
j + aibj + biaj)
(hi − hj)2
+ const
Here ni, n
′
i can be expressed in terms ofN,N
′, Hi as in (14), p1+· · ·+pn = 0 and h1 · · ·hn = 1.
Poisson brackets between ai, bi, ci are described above. Nonzero Poisson brackets between pi
and hi are:
{pi, hi} = δijhi
5. Conclusion
There are several interesting directions closely related to the subject and results of this
paper.
One of the directions is the quantization of two–sided spin Calogero-Moser models. This
is, essentially, the Harish-Chandra theory. Assume that G is the split real form of a simple
complex Lie group and K is the subgroup of fixed points of the Chevelley involution. In
order to describe two–sided quantum spin Calogero-Moser system we should fix two finite
dimensional representations V1 and V2 of K. These representations are quantum analogs of
coadjoint orbits O1,O2 ⊂ k
∗. Quantum analog of Hamiltonans of two–sided spin Calogero-
Moser system are G-invariant differential operators acting on V1⊗ V
∗
2 -valued functions on G
which transform as f(k−11 gk2) = π1(k1)f(g)π2(k2) where k1, k2 ∈ K. We will address some
of the problems in this direction in a forthcoming paper.
Another direction is the ”nonlinear” deformation of models where T ∗G is replaced by the
Heisenberg double of the standard Poisson Lie group structure on G. For one sided model
corresponding to the symmetric pair G ⊂ G × G, such deformation is the relativistic spin
Calogero-Model, see [15] and references therein. This model has a natural interpretation in
terms of moduli spaces of flat G-connections on a punctured torus. It also has a natural
generalization to moduli spaces of flat connections on surfaces [1]. We expect that the
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relativistic version of the two–sided Calogero-Moser system is related to the moduli space of
flat connections on a torus with two punctures. Quantization of these systems should give a
version of Harish-Chandra theory for quantum groups.
Appendix A. Cotangent bundle T ∗G as a symplectic manifold
The cotangent bundle to a Lie group G can be naturally trivialized by left g : h 7→ gh or
by the right g : h 7→ hg−1 actions. From now on we will assume that it is trivialized by the
right translations T ∗G ≃ g∗ ×G.
The cotangent bundle has a natural symplectic structure. Both left and right actions are
Hamiltonian with moment maps µL,R : g∗ ×G→ g∗,
µL(x, g) = x
µR(x, g) = −Ad∗g(x).
A.1. The left action of G on T ∗G. The left G action on itself gives the following natural
action of G on T ∗G ≃ g∗ ×G:
(15) h : x 7→ Ad∗h(x), h : g 7→ hg.
The vector field7 δXf(x, g) =
d
dt
f(Ad∗e−tX(x), e
−tXg)|t=0 on T
∗G generating the left action
of X ∈ g on G is Hamiltonian:
δXf = {H
L
X , f}
where HLX = x(X), X ∈ g, x ∈ g
∗. The corresponding moment map is
µL : T ∗G→ g∗, (x, g) 7→ x.
The quotient space G\T ∗G is naturally isomorphic to g∗ as a Poisson manifold.
A.2. The right action of G on T ∗G. After the trivialization of T ∗G by right translations,
the lift of right action of G on T ∗G gives the following G-action on g∗ ×G:
(16) h : x 7→ x, h : g 7→ gh−1
The vector field δXf(x, g) =
d
dt
f(Ad∗e−tX(x), e
−tXg)|t=0 on T
∗G generating the right action
of X ∈ g on G is Hamiltonian:
δXf = {H
R
X , f}
where HRX(x, g) = −(Ad
∗
g−1(x))(X).
The corresponding moment map is
µR : g∗ ×G→ g∗, (x, g) 7→ −Ad∗g−1x.
The quotient space T ∗G/G is naturally isomorphic to g∗ as a Poisson manifold.
7Here we identify the vector field and the corresponding Lie derivative acting on functions
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A.3. The quotient space T ∗G/AdG. After the trivialization of T
∗G by right translations,
the adjoint action of G on itself lifts to the diagonal action of G on g∗ ×G:
h(x, g) = (Ad∗h(x), hgh
−1)
Because the left and the right actions of G on T ∗G are Hamiltonian, the adjoint action is
also Hamiltonian with
HX(x, g) = H
L
X(x, g) +H
R
X(x, g) = x(X)− (Ad
∗
g−1(x))(X)
The quotient space T ∗G/AdG can be described as follows:
Theorem 2. T ∗G/AdG has open dense subset which is isomorphic to
(g∗ H × T ∗H)/W
where g∗  H = µ−1(0)/H is the Hamiltonian reduction of g with respect to the coadjoint
action of the Cartan subgroup H ⊂ G. The mapping µ : g∗ → h∗ is the moment map for this
action.
Indeed, let f1 and f2 be functions on T
∗G, trivialized by right translations
{f1, f2}(x, g) = tr12
(
{x1, x2}
∂f1
∂x1
∂f2
∂x2
)
+ tr12
(
{x1, g2}
∂f1
∂x1
∂f2
∂x2
)
+ tr12
(
{g1, x2}
∂f1
∂g1
∂f2
∂x2
)
= tr
(
∂f1
∂x
[
x,
∂f2
∂x
])
+ tr
(
∂f1
∂x
g
∂f2
∂g
)
− tr
(
∂f2
∂x
g
∂f1
∂g
)
.(17)
If f AdG invariant function on g
∗×G and g ∈ G is diagonalizable with g = uhu−1, h ∈ H ,
then f(x, h) = f(x′, h), x′ = Ad∗u(x). It immediately follows from (17) that
{x′ii, hj} = δijhj
i.e. x′ii and hj are coordinates on T
∗H . Assume that G = SLn. If f(x) is an AdG invariant
polynomial function, it has weight zero and therefore
{xii, f} = 0.
Thus, C∞(T ∗G) ≃ C∞((g∗ H × T ∗H)/W ) with zero weight polynomials in x′ij , i 6= j being
functions on g∗  H . The proof for other simple Lie groups is similar.
Appendix B. Symplectic structure and moment maps for T ∗(G×G)
B.1. The left action of G on T ∗(G × G). The left action of G × G on T ∗(G × G) ≃
g∗×g∗×G×G, (g, h) : (x, y, a, b) 7→ (Ad∗g(x), Ad
∗
h(y), ga, hb is Hamiltonian with the moment
map µLG×G(x, y, g, h) = (x, y). Therefore, the left action of the diagonal subgroup is also
Hamiltonian with moment map
µLG(x, y, g, h) = x+ y.
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B.2. The right action of G on T ∗(G×G). The right action of G×G ≃ g∗ × g∗×G×G,
(g, h) : (x, y, a, b) 7→ (x, y, ag−1, bh−1 on T ∗(G × G) is Hamiltonian with the moment map
µRG×G : T
∗(G×G) 7→ g∗ × g∗:
µRG×G(x, y, g, h) = (−Ad
∗
g−1(x),−Ad
∗
h−1(y))
As a consequence the action of the subgroup diag(G) is also Hamiltonian with the moment
map µRG : T
∗(G×G)→ g∗:
µRG(x, y, g, h) = −Ad
∗
g−1(x)−Ad
∗
h−1(y).
The quotient space T ∗(G×G)/G is a Poisson manifold with symplectic leaves given by the
Hamiltonian reduction
S(O) = (µRG)
−1(O)/G = {(x, y, g, h) | −Ad∗g−1(x)− Ad
∗
h−1(y) ∈ O}/G
where O ⊂ g∗ is a coadjoint orbit.
We have a natural isomorphism T ∗(G × G)/G
∼
−→ g∗ × g∗ × G, (x, y, g, h) 7→ (x, y, gh−1).
The symplectic leaf S(O) in terms of g∗ × g∗ ×G is
S(O) = {(x, y, a)|x+ Ad∗a(y) ∈ O}}
B.3. The quotient space G\T ∗(G×G)/G. Left actions of G×G and of diag(G) →֒ G×G
on T ∗(G×G)/G are clearly also Hamiltonian with moment maps
µ˜LG×G : T
∗(G×G)/G→ (g∗, g∗), (x, y, a) 7→ (x, y)
µ˜LG : T
∗(G×G)/G→ g∗, (x, y, a) 7→ x+ y
Here we used the natural isomorphism T ∗(G×G)/G ≃ g∗× g∗×G acting as (x, y, g, h)G 7→
(x, y, gh−1). Moreover the left action of G on T ∗(G×G) restricts to the Hamiltonian action on
symplectic leaves of T ∗(G×G)/G. Thus, the quotient space G\T ∗(G×G)/G is Poisson. Its
symplectic leaves can be described as the Hamiltonian reduction of Poisson spaces G\S(O).
The symplectic leaf of G\S(O) corresponding to the Hamiltonian reduction through the orbit
O′) ⊂ g∗ is
S(O′,O) = µ−1(O′)/G
where µ(x, y, a) = x+ y.
The Poisson structure on the quotient space:
G\T ∗(G×G)/G ⊆
(
(g∗ × g∗) Ad∗H ×T
∗H
)
/W
Symplectic manifolds S(O,O′) are symplectic leaves of this Poisson manifold.
Appendix C. Matrix element functions
C.1. Poisson brackets for matrix element functions. Fix a Killing form on a simple
Lie group g. This gives a linear isomorphism g∗ ≃ g. If π : G→ End(V ) is a representation,
matrix elements πij(g) in some basis {fi} are functions on G. Thus matrix elements
πij(x), πij(g)
SPIN CALOGERO-MOSER MODELS ON SYMMETRIC SPACES 17
are functions on g∗ × G. Let {ea} be a basis in g which is orthonormal with respect to the
Killing form8 . Denote
P12 =
∑
a
π1(ea)⊗ π2(ea) ∈ End(V1)⊗ End(V2).
The Poisson brackets between matrix elements functions with respect to the standard
symplectic structure on T ∗G ≃ g∗ ×G (trivialized by right translations) can be written as:
{x1, g2} = −P12g2, {x1, x2} = −[P12, x2]
{g1, g2} = 0.
Here x1 = π1(x) ⊗ I, g2 = I ⊗ π2(g) are functions on T
∗G with values in End(V1 ⊗ V2). In
terms of coordinates xa on g
∗ corresponding to the basis ea in g, these brackets are:
{xa, xb} =
∑
c
Ccabxc, {xa, f}(g) =
d
dt
f(e−teag)|t=0
Here f is a smooth function on G.
In terms of matrix element functions, left invariant vector field on T ∗G ≃ g∗ × G can be
written as
δLXπ(x) = π([X, x]), δ
L
Xπ(g) = π(X)π(g),
Right invariant vector fields can be written as
δRXπ(x) = 0, δ
R
Xπ(g) = −π(g)π(X)
Both actions are Hamiltonian with HamiltoniansHLX(x) = tr(Xx) andH
R
X(x, g) = − tr(Xg
−1xg)
respectively. Here the trace is taken over the adjoint representation.
Note that the matrix element functions x˜ = g−1xg on invariant with respect to the right
G-action and
{x˜1, x˜2} = −[P12, x˜2]
{x˜1, g2} = g2P12.
The Hamiltonian for the right G-action can be written as HRX(x, g) = − tr(Xx˜).
C.2. Functions on S(O,O′) in terms of matrix element functions. The coset space
T ∗(G × G)/G ≃ g∗ × g∗ × G is naturally a Poisson manifold. This Poisson structure can
described in terms of matrix element functions π(x), π(y), π(a). here (x, y, g) ∈ g×g×G and
we used the linear isomorphism g∗ ≃ g given by the Killing form. Nonzero Poisson brackets
between these matrix elements functions are
{x1, x2} = [P12, x2], {y1, y2} = [P12, y2]
{x1, a2} = P12, a2, {y1, a2} = −a2P12.
8The Killing form is given by the appropriately normalized trace on the adjoint representation 〈x, y〉 =
tr(adxady). Linear isomorphism g ≃ g∗ defined by the Killing form identifies the adjoin representation and
the coadjoint representation.
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Let y˜ = aya−1, then we have the following Poisson brackets for matrix element functions:
{y˜1, y˜2} = −[P12, y˜2], {y˜1, y2} = 0
{y˜1, a2} = −P12, a2, {x1, y˜2} = [P12, y˜2]
{y˜1, x˜2} = −[P12, y˜1].
As a consequence:
{x1 + y˜1, x2 + y˜2} = [P12, x2] + [P12, y˜2]− [P12, y˜1]− [P12, y˜2]
= [P12, x2]− [P12, y˜1]
= [P12, x2] + [y˜2, P12]
= [P12, x2 + y˜2]
and {x1 + y˜1, a2} = 0.
The symplectic leaf S(O) ⊂ T ∗(G×G)/G which is the Hamiltonian reduction with respect
to the coadjoint orbit O ⊂ g∗ is
S(O) = {(x, y, a) | x+ aya−1 ∈ −O}/G
The algebra of functions on S(O) is the quotient of the algebra of functions on T ∗(G×G)/G
with respect to the Poisson central ideal generated by Casimir functions. In terms of matrix
element functions, Casimirs are invariant polynomials generated by x + y˜, i.e. the ideal is
generated by tr((x+ y˜)k)− ck where ck is the value of tr((x+ y˜)
k) on O.
Functions on G\T ∗(G × G)/G are G-invariant functions on T ∗(G × G)/G. Examples of
such functions are polynimials in coordinate functions of the form
tr(xα1aβ1yγ1xα2aβ2yγ2 · · · )
Proposition 3. Functions
(18) tr
(
(x+ y)k
)
, tr
(
(x+ y˜)k
)
are Poisson central in the Poisson algebra of functions on G\T ∗(G×G)/G.
This follows from the Poisson brackets between matrix element functions:
{x1 + y1, x2} = [P12, x2] [x1 + y˜1, a2] = 0
{x1 + y1, a2} = [P12, a2] [x1, x2 + y˜2] = [P12, x2 + y˜2]
{x1 + y1, y2} = [P12, y2] [y1, x2 + y˜2] = 0.
Functions (18) generate the Poisson center. Symplectic leaf S(O,O′) is a level surface of
these central functions.
C.3. The Poisson algebra of functions on P(O,O′). In order to describe the Poisson al-
gebra of functions on P(O,O′) in terms of matrix element functions, consider first the algebra
of functions on (g∗)×4 with respect to the action (g, h) : (x, y, u, v) 7→ (Ad∗g(x), Ad
∗
g(y), Ad
∗
h(u), Ad
∗
h(v)).
Let x, y, u, v be matrix element functions on (g∗)×4. Nonzero Poisson brackets between them
are
{x1, x2} = [P12, x2], {y1, y2} = [P12, y2]
{u1, u2} = [P12, u2], {v1, v2} = [P12, v2].
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Typical functions G-invariant functions of x, y, u, v, are tr(xα1yβ1 · · · ) and uγ1vδ2 · · · ) where
α, β, · · · are nonnegative integers.
The Poisson algebra of functions on P(O,O′) is the quotient algebra of the algebra of
(g∗)×4/G×G with respect to the Poisson central ideal generated by
tr(uk)− tr((−x)k), tr(vk)− tr((−y)k), tr((x+ y)k)− ck, tr((u+ v)
k)− c′k
where ck is the value of the Casimir function tr(z
k) (z is a matrix element function on g∗)
on the coadjoint orbit O, similarly c′k is the value of this Casimir function on O
′.
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